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1.
Derive time complexity formula for the following code excerpt and support your answer by brief explanations:


ave = 0.0;


for (int j=0; j<A.length; j++)



ave += a[j];


ave = ave / A.length;


j = 0; count = 0;



do {



while ( ( A[j] != ave ) && ( j < A.length ) )




j++;



if ( j < A.length ) {




A[j++] = 0;




count ++;



}


} while (j < A. length)

               Here, A is an int array of size n.
(25 points)

Solution :

(1)
T(n)

=
tave=0.0; + tfor + a; + tj=0; + tcount=0; + tdo while


=
C + tfor + tdo while , 

where C is a constant time (sum of given constant times) 

= 
tave=0.0; + tave=ave/A.length; + tj=0; + tcount=0;.
(2)
tfor 
=
tj=0; + n * tone pass +
tj<A.length (j<n);  

(3)
tone pass
=
tj<A.length (j<n); + tave += A[j]; + tj++;
=
D, 

where D is a constant time (sum of given constant times)

= 
tj<A.length (j<n); + tave += A[j]; + tj++;.

Back into (2), gives us :

(4)
tfor 

= 
n * D + tj=0; + tj<A.length (j<n);
=
E + n * D,
where E is a constant time 
= 
tj=0; + tj<A.length (j<n);.

(5) As far as the do while loop is concerned, the following are some facts about it :

(i) The counter of the loop is j.

(ii) J is going from 0 to n-1. In other words, j will visit every location in the array.

(iii) At every location a job of the time complexity t one location job is performed and t one location job can be estimated as :

t((A[j] != Ave) && (j < A.length)) + 2*t(j < A.length)  + tA[j++] = 0 + tcount++  >= t one location job 

t one location job >= t((A[j] != Ave) && (j < A.length)).

Thus, for 

F = t((A[j] != Ave) && (j < A.length)) + 2*t(j < A.length)  + tA[j++] = 0 + tcount++, 

and 

G = t((A[j] != Ave) && (j < A.length)) 

constants, 

F >= t one location job >= G.


(iv)
Therefore, 

F * n
 
> =

tdo while

>= 
G * n.


Back into (1), this gives us :

(5)
C + E + n*D + F*n 
>=
T(n)

>=
C + E + n*D + G*n



or


H + M * n


>=
T(n)

>=
H + P * n ,


where


H = C + E, 
M = D + F, 
and P = D + G are known constants.

(6)
Thus, T(n) = ((n).
2. For the given array elements 6, 1, 9, 3, 5, 7, 11, 8, 2, 4 :

(a) Trace by hand the path in execution of the quicksort algorithm showing all the partitions formed by the algorithm during the sorting.

(b) Draw a tree of calls indicating all recursive calls made by the quicksort algorithm during its execution on the array above. Also, indicate the order in which the calls were made by marking the corresponding branches of the tree by the ordinal numbers for the calls.


(15 + 10 = 25 points)

Solution :

(a)  pivot = 5

   

            6          1          9         3         5         7         11         8         2         4


After the swap :


            4          1          9         3         5         7         11         8         2         6

After the swap :

            4          1          2         3         5         7         11         8         9         6

After the swap :


            4          1          2         3         5         7         11         8         9         6

the partitions are formed.

For the partition :

            4          1          2         3

the pivot is 1.

   

            4          1          2         3

After the swap :

   

            1          4          2         3

the partitions are formed.


            1  represents a one element partition and is done immediately.

For the partition :

                       4          2         3

the pivot is 2.


                       4          2         3


After the swap :


                       2          4         3

the partitions are formed.

            2  represents a one element partition and is done immediately.

For the partition :

                                  4         3

the pivot is 4.


                                  4         3


After the swap :


                                3         4

the partitions are formed.


            3  represents a one element partition and is done immediately.


            4  also represents a one element partition and is done immediately.

Next, for the partition :

                                                                     7         11         8         9         6

the pivot is 8.

                                                                    7         11         8         9         6

After the swap :
                                                                    7         6         8         9         11

After another (dummy) swap :

                                                                    7         6         8         9         11

the partitions are formed.
For the partition :

7 6         

the pivot is 7.

7       6         

After the swap :

 

                                                                    6         7

the partitions are formed.


            6  represents a one element partition and is done immediately.


            7  also represents a one element partition and is done immediately.

Next, for the partition :

                                                                                                    9         11

the pivot is 9.

                                                                                                   9         11

After the (dummy) swap :



                                                                                                 9         11

the partitions are formed.


                represents an empty partition and is done immediately.


           11   represents a one element partition and is done immediately.

(b)

                                                    qs(0,9)

                       qs(0,3)                                                   qs(5,9)


    qs(0,0)              qs(1,3)                           qs(5,6)                         qs(8,9)

                   qs(1,1)         qs(2,3)           qs(5,5)      qs(6,6)        qs(8,7)       qs(9,9)

                                 qs(2,2)       qs(3,3)

3. Below is a sketch for the Array implementation for the list abstract data type, similar but slightly different from the one given in class. This implementation uses a storage array sto for up to 100 elements, as well as an auxiliary int last indicating the last position in sto occupied by an element. Initially, last=-1 indicating that there are no elements in the list, yet. In addition, the code for the insert member method of this class is provided as a model for encoding member methods.

(a) Write the code for the member method reverse() that creates a copy of the given list with elements stored in the reversed order and returns a reference to it (i.e. for the list {sto={Integer(6), Integer(3), Integer(1), Integer(4)}, last=3}, the list {sto={ Integer(4), Integer(1), Integer(3), Integer(6)}, last=3} is created and a reference to it is returned).

(b) Derive the time complexity formula for your reverse method (T(n)=?, where n  denotes the current size of the list (last+1)).
(c) Use the O measure to describe the upper boundary on the complexity T(n) derived in (b).

public class AList { 

private 
Object[]    
sto = new Object[100]; 

private 
int             
last = -1;

    
//    *************************** 

    
//    Insert the object referred to by e into this list to become the j-th element in it

    
//    To be invoked as al.insert(3,oi), to insert object referred 

    
//     to by oi to become 3d object in the list al.

    
public void insert (int j, Object e) { 

            

// Adjust j to Java's (or C/C++'s) indexing (going from 0, not 1) 

            

j--; 

            

if ((j<0) || (j>last)) { 

                

// Do nothing with junk values for j 

                

// Error message goes here 

            

} else { 

                

// Is there enough space for an additional element in the list (one more location) 

                

if (last < 99)

                      


last++; 

                

else {

                      


// Error message

                      


return;

                

}

                

// Do nothing to elements preceding the insert location 

                

// Copy elements from the insert location on, but with shifted indeces 

                

for (int k=last; k>=j+1; k--) 

                    


sto[k] = sto[k-1]; 

                

// Copy the element to be inserted (e) into its proper location 

                

sto[j] = e;

            

} 

    
} 

//
Reverse this list and return the reference to the newly created list .

    
//
To be invoked as 
AList
 al_reversed  =  al.reverse();
to reverse

//
the list al returning the reference to the newly created list (copied into al_reversed).

public AList reverse () {
    

//    ***************************** 

}

//    ***************************** 
}


(50=30+12+8 points)

Solution :

(a)

public AList reverse () {


AList rList = new Alist();


rList.last = last;


for (int I=0; I<=last; I++)



rList.sto[I]
=
sto[last-I];


return rList;

}

(b)
Assuming that n = last+1 is the number of elements in the list, we have :

(1)
Treverse(n)
=
tAList rList = new AList(); + trList.last = last; + tfor + treturn 


= 
C + tfor,

where C is a constant time (sum of given constant times)

= 
tAList rList = new AList(); + trList.last = last; + treturn.
(2)
tfor
= 
tI=0; + n * (tI<=last + trList.sto[I]=sto[I];+ tI++) + tI<=last

=
F + n * G, 

where F and G are constant times (sum of given constant times)

F = tI=0; + tI<=last

G = tI<=last + trList.sto[I]=sto[I];+ tI++.


Going back to (1), we get :

(3)
Treverse(n)
=
C + F + n * G 
= 
A + n * G,

where A and G are constant times (sum of given constant times)

A = C + F.

(c)
Obviously, Treverse(n) = O(n).
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