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Chapter 4

Partial Derivatives and Their Meanings
3.1 Multivariable Functions

Let the function F(x, y, z)= 0 be an equation tedcribes some aspect of
a system such as its electric potential, gravitatigotential, or some other
properties. Let us refer to this equation asdheation of state of the system
This is the equation of a surface in xyz spacee fidld equation or equation of
state is a description of a system in terms of rsé¢veoordinates or state
variables, and therefore, it is a multivariabledton.

There may be arbitrary changes in any two of theesvariables, but not
all three. This is because the equation of seageonstrainton the values that
the variables may have. That is, any one of th&bkes may be expressed as
function of the other two.

An example from thermodynamics: F(P,v,T)= 0, vehelP, v, & T are
thermodynamic coordinates describing a system.ekample:

P =f(v,T). (4.1)

P is considered the dependent variable and v aack Talled the independent
variables. It is important to remember what is etefent and what is
independent. Example, the ideal gas law: P=nRif/®?=RT/v, where v=V/n.
This is equation of a surface in PvT-space caledRvT surface.

Similarly we have v = g(P,T) and T = h(v,P).

Now, the rate of change of P as a result of a ahangv when T is held
constant is called the partial derivative of P wibkpect to v and is written as

P
v (4.2)



where the meaning of T as a subscript is thathield constant when taking the

derivative of the function f with respect to v.
The geometric meaning of a partial
derivative, such as P/ v)1, is shown
to the left, in a diagram of the Pv plane.
The curve (an isotherm) is formed by
the intersection of a plane
perpendicular to the T-axis with the
PvT surface. The partial derivative is
the slope of the curve at a given point.
That is,

( P/ v)r = -tan@)

Now consider a changbP that
results from a change in \Dv, at
constant T, as indicated in the above diagram. nTBR/Dv); is the slope of
the blue straight line between the points numbetednd 2 in the above
diagram. This line is also parallel to the slodetlte curve at the point
numbered 3, and the latter line is the mean sldpleeocurve between points 1
and 2. Thatis,

(DPDv)1 = ( P/ v)3

The subscript 3 on the partial means that the glad@rivative is evaluated at
point 3, while the subscript T is assumed. NowDket@approach 0 in the limit.
Visualize points 1 and 2 approaching the poinTBen:

Or, — , for any point in general along the isotherm. sTls

actually a differential equation that expressesctimnge in P for an isothermal
process. lItis also referred to as a process iequat



Similarly, we have — for an isochoric process (constant

volume).

If we now move on the PvT surface along an abytpath, both vand T
vary for a giverDP. Hence, the total change in P is the sum oftiamges that
result from a change in v and a change in T. hat

This is called theotal differential of P It is the total differential because P
depends only on T and v and not on any other Viariabhe 1st term is the
change in P as a result of a change in v only. Zifteterm is the change in P
resulting from only a change in T.

Similarly:
dT=( T/ v)pdv + ( T/ P),dp

Is the total differential of T. The 1st term ietbhange in T as a result of a
change in v only and the 2nd term is the changé& nmesulting from only a
change in P. Each of these changes is indepentidrg other and their sum is
the total differential change in T, dT.

In general, for a given multivariable function FFx, y, z), the total
differential is:

— 1 = 3 — &
I $ ., & o

Often, the subscripts on the partials are lefaoil understood.
Now consider some general process by which we rfrowe one point in

a field to another point or that takes a systermfome state to another, such as
indicated by the green curve in the following dagr



In general, V = V3;—V;. That is, the volume difference between stata® a
state 1, does not depend on the path we took oR\fiesurface to get there.
Or if we move in a potential field, the changehe field is independent of the
path. Hence, in thermodynamics, we have the follgwery important
concept or principle:

The volume difference between two equilibrium stateis independent of
the process.

This permits us to replace the original process wito others. First we go

from state 1 to state 2 by an isobaric procesenTlom state 2 to state 3 by an
iIsothermal process. Then:

DVi3 = (DV12)p + (DV23)t

Now in the limit asDP+ andDTp approach ODV  dV, where



dv = de + dVT
dV = ( V/ T)eDT + ( V/ P);DP

This is the total differential of V.
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